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A PROBLEM CONCERNING A SPECIAL CLASS 

OF MONOTONE HOMOGENEOUS OPERATORS 

This research effort has been concerned with problems involving 

diagonal products in nonnegative matrices. Results of Brualdi, Parter, 

and Schneider ("The diagonal equivalence of a nonnegative matrix to a 

stochastic matrix", J. Math. Anal. Appl. 16 (19661, 31-50) and of Sinkhorn 

and Knopp ("Concerning nonnegative matrices and doubly stochastic matrices", 

Pacific J. Math. 21 (19671, 343-348) show that corresponding to a given 

nonnegative square matrix A there is a unique doubly stochastic matrix 

of the form D1AD2 where D1 and D2 are diagonal matrices with positive 

main diagonals if and only if every positive element of A lies on at 

least one positive diagonal. Since the diagonal products of D1AD2 are 

proportional to the corresponding products in A ,  this research was 

partially concerned with finding just how well a doubly stochastic matrix 

is determined by its diagonal products. 
* 

The following results have been obtained by Sinkhorn and Knopp during 

the course of the research and have been presented in a paper "Problems 

involving diagonal products in nonnegative matrices" which will appear in 

the Transactions of the American Mathematical Society. If A is an 

n x n nonnegative fully indecomposable matrix whose positive diagonal 

products are equal, there exists a unique matrix B of rank one which is 

positive and is such that = a  bij ij when a >  ij 0. It follows that no 

two doubly stochastic matrices have corresponding diagonal products 

proportional. 



Though t h e s e  i n t e r e s t i n g  results have been found t h e r e  remained 

several unanswered ques t ions ,  Given two nonnegat ive n x n matrices A 

and B, under what condi t ions  do t h e r e  e x i s t  d i agona l  ma t r i ces  D1 and 

D2 w i t h  p o s i t i v e  main d iagonals  such that  D AD and D2BD1 are each 1 2  

s t o c h a s t i c ?  T t  is known t h a t  i f  f o r  every ze ro  submatr ix  B[EIF] i n  B 

t h e r e  is  a zero  submatrix A[GIE] i n  A where F and G are d i s j o i n t ,  

then there i s  a unique number u > 0 and d iagonal  ma t r i ces  D1 and D2 

w i t h  p o s i t i v e  main d iagonals  such t h a t  D AD and pD2BD are each s t o c h a s t i c .  1 2  1 

The r e s u l t s  obtained i n  t h e  pape r  t o  appear  i n  t h e  Transac t ions  have 

l e a d  t o  cons ide ra t ion  of t h e  near ly  decomposable ma t r ix ,  i .e. a nonnegative 

squa re  f u l l y  indecomposable mat r ix  such t h a t  i f  any p o s i t i v e  element is  

rep laced  by a zero,  t h e  r e s u l t i n g  ma t r ix  is p a r t l y  decomposable. It would 

be worthwhile t o  know t h e  exac t  s t r u c t u r e  of  such mat r ices .  Necessar i ly  

i f  A i s  n e a r l y  decomposable t h e r e  e x i s t  permutat ion ma t r i ces  P and Q 

such t h a t  
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decomposable. Unfortunately it i s  no t  s u f f i c i e n t  f o r  A t o  have t h i s  

form. J u s t  what i s  s u f f i c i e n t  i s  s t i l l  no t  answered. 

Research w i l l  be  continued toward t h e  end of determining necessary  

and s u f f i c i e n t  cond i t ions  on nonnegative matrices A and B s o  t h a t  

DIAD2 and D2BD1 are s imultaneously s t o c h a s t i c  f o r  appropr i a t e  D1 and 

D2 and of determining the s t r u c t u r e  of the n e a r l y  decomposable ma t r i ces .  

The r e s u l t s  a l r eady  obta ined  a r e  most encouraging. 

i n d i c a t i o n  of a s a t i s f a c t o r y  completion of t h e  problem. 

They g ive  a d e f i n i t e  



-2 

t 

RESEARCH I N  ANALYSIS 

DEFINITION 

Suppose G i s  a l a t t i c e  ordered group and x E G. The s ta tement  t h a t  

x i s  t o t a l l y  nega t ive  means t h a t  x 5 e and i f  h l z  h 2 L  h > ... is  a 3 -  
sequence of  elements of G such t h a t  x = U then  t h e r e  e x i s t s  an 

element y E G such t h a t  i f  n is a p o s i t i v e  i n t e g e r  y 2 II (hiIJe) .  
n 

i=l 

THEOREM 

Suppose G i s  a la t t ice  ordered group, S i s  a commutative sub s e m i -  

group of G w i th  i d e n t i t y  such t h a t  i f  K i s  a countable  subse t  of S 

which is  bounded above i n  G then K has  a least upper bound i n  G which 

only i n  case t i s  t h e  g r e a t e s t  lower bound i n  G of a countable  subse t  of 

S, x is a t o t a l l y  nega t ive  element of  T, and y i s  an  element of T such 

t h a t  xy” belongs t o  T. Then t h e r e  exists elements a and b of S such 

t h a t  a 2 e, b - > e and ax  by^ a. 

This  r e s u l t  may l e a d  t o  a n  improvement i n  t h e  theory  of  order-preserving 

maps and i n t e g r a t i o n  processes .  Research i s  cont inuing  i n  t h i s  d i r e c t i o n .  

e 
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investigation i n t o  t h e  r e i a t i o n s h i p  between tile existence of varioiis 

real-valued func t ions  on a topo log ica l  space  and va r ious  t o p o l o g i c a l  

p r o p e r t i e s  of t h e  space  is  continuing. 

The fol lowing r e s u l t  has  been achieved. 

(1) I f  S is  a poin twise  paracompact, developable  topo log ica l  

space then  t h e r e  is  quasi-metr izable .  That is ,  t h e r e  is a 

real-valued func t ion  f on S x S such t h a t  f (x ,y)  = 0 

i f f  x = y and f (x ,y)  + f (y , z )  f ( x , z )  f o r  a l l  x, y, 

and z i n  S. 

I n v e s t i g a t i o n  i s  cont inuing on t h e  problem as t o  whether each countably 

paracompact developable  space i s  normal. It is  conjec tured  t h a t  an example 

descr ibed  by F. B. Jones [Summer Seminar, Wisconsin, 19651 o f f e r s  such a 

space.  

P a r t i a l  r e s u l t s  have been obtained which s ta te  equ iva len t  problems t o  

t h e  one mentioned above. 

The ques t ion  of prime i n t e r e s t  now i s  t h a t  of determining whether each 

countably paracompact developable space  is  h e r e d i t a r i l y  countably paracompact. 

Fu r the r  i n v e s t i g a t i o n  w i l l  make heavy u s e  of i n v e r s e  l i m i t  systems. 

To be  decided i s  whether a n  inverse l i m i t  system of proximity spaces  pro- 

duces a proximity space. 



TkLe -.--Ll--. &J'UUIC11L of characterizing prepert ies  of CoF.Flct continva by mea.ns 

of sequences of f i n i t e  open covers of t h e  continuum was considered.  Indecom- 

p o s a b i i i i y  w a s  thus characterized iii the following thc~rc:.. 

Theorem. A necessary  and s u f f i c i e n t  cond i t ion  t h a t  t h e  compact con- 

tinuum M be  indecomposable is t h a t  there e x i s t s  a sequence GI' G2, G y  * * '  

of f i n i t e  open covers  of M such t h a t  (1) f o r  each p o s i t i v e  i n t e g e r  n 

G is  a coherent  c o l l e c t i o n  (2) f o r  each n Gn+l is  a s t r o n g  refinement 

of Gn (3) f o r  each n t h e  mesh of G i s  less than  l / n  ( 4 )  f o r  each 

n Gn i s  an  i r r e d u c i b l e  cover (5) M i s  t h e  common p a r t  of G f ,  G;, ... 
and ( 6 )  i f  i i s  an i n t e g e r  t h e r e  is  an i n t e g e r  j > i such t h a t  i f  G 

is t h e  sum of two coherent  c o l l e c t i o n s  LI and L2 then  one of Lf and 

L* i n t e r s e c t s  every open set i n  G . .  2 1 

n 

n 
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-. me resea rch  sponsored by t h i s  grant iias d e a l t  with the general 

problem of extending homological techniques t o  branches of mathematics 

o t h e r  than  those  t o  which such techniques have previous ly  been appl ied .  

I n  p a r t i c u l a r ,  w e  have considered t h e  development of homological i deas  i n  

both  t h e  a l g e b r a i c  theory of semigroups and t h e  theory  of t opo log ica l  

groups.  I n  gene ra l ,  w e  are i n t e r e s t e d  i n  t h e  marr iage  of homological 

a lgeb ra  and topo log ica l  a lgebra .  

One i n v e s t i g a t i o n  along these  l i n e s  has  d e a l t  wi th  t h e  no t ion  of t h e  

t e n s o r  and t o r s i o n  products  of commutative semigroups. We proved, f o r  

example, t h a t  t h e  t e n s o r  product  U f V of two m a x i m a l  subgroups U and 

V of commutative semigroups S and T,  r e s p e c t i v e l y ,  may be  embedded 

i n  a n a t u r a l  way i n  t h e  t enso r  product S P T of S and T. A d e f i n i t i o n  

of an  exact sequence w a s  g iven  and i t  w a s  proved t h a t  P is r ight-exact .  

It w a s  shown t h a t  t h e  Grothendieck group of S f T i s  t h e  t e n s o r  

product  of t h e  Grothendieck group of 

T. 

semigroups were obtained.  The r e s u l t s  w e r e  submit ted i n  t h e  form of a 

paper  t o  a mathematics research  j o u r n a l  and p r e p r i n t s  were made a v a i l a b l e  

t o  NASA. 

S w i t h  t h e  Grothendieck group of 

Seve ra l  o t h e r  theorems regarding t h e  t e n s o r  and t o r s i o n  products  of 

I n  a s l i g h t l y  d i f f e r e n t  d i r e c t i o n ,  t h e  i n v e s t i g a t o r  has  been engaged 

i n  a j o i n t  r e sea rch  p r o j e c t  i n  which homological techniques are being 

developed f o r  t h e  theory  of  topologica l  groups. Severa l  e x c i t i n g  r e s u l t s  



. . .  
n - 0.- 

have a l ready  been proved. 

complete w e  p r e f e r  t o  postpone t h e  f u l l  r e p o r t  t o  a l a t e r  d a t e .  

s u f f i c e  t o  say  t h a t  some extremely n i c e  r e s u l t s  are a v a i i a b i e  and t h a t  w e  

p l a n  t o  cont inue  t h i s  i n v e s t i g a t i o n .  

Since the paper w e  are  w r i t i n g  is  n o t  yet 

May i t  
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Joseph J. Malone, Jr. joined the faculty at Texas A & M University effective 

September, 1967. 


